Question 3: Conditional Prize Award in a Sequence of
Matches

Problem Statement

To obtain a prize, you need to win at least two consecutive matches out of the three you
play, alternating between matches against your father and your coach. You win 75% of

the matches against your father and 40% of the matches against your coach.

Preliminaries

Let win and lose denote the outcomes of a match, and let F' and C' denote the events of

winning against the father and the coach, respectively. Define the probability space as

Q = {win, lose},
F =P(Q),
P: P(F)=7%, PC)=40%.

Let W be the event of obtaining a prize (i.e., winning at least two consecutive matches)
and denote by A, B, and C' the outcomes of the first, second, and third matches respec-
tively. To be specific, we use subscripts f and ¢ to indicate matches played against the
father and the coach. For example, A; means winning the first match against the father,

while A, means winning the first match against the coach.

Assuming that the match outcomes are stochastically independent, we have:

P(Ay) =P(By) = P(Cy)=P(F) = 75%,
P(C) = 40%.
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Part 1: Comparing Two Playing Sequences
We consider the following two sequences of matches:
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o Father-Coach-Father (denoted by Wrcr)

+ Coach-Father-Coach (denoted by Were)

Sequence 1: Father-Coach-Father

In this sequence, a prize is obtained if at least two consecutive wins occur. One can show

that the event of winning a prize in the Father-Coach-Father sequence is given by:
P(Wror) = P((Af N B.NCp)U (A5 N BN Cy) U (AN B, N c;))
=2P(F)P(C) — P(F)*P(C).
Sequence 2: Coach-Father-Coach

Similarly, for the Coach-Father-Coach sequence, the probability of obtaining a prize is:
P(Wore) = IP’((AC A B;AC)U (AN B; N C) U (AN By N cg))
=2P(C)P(F) — P(C)*P(F).
Since P(F') = 75% and P(C) = 40%, we have
P(F) > P(C),
which implies
P(Wrcr) — P(Were) = P(F) P(C) (P(C) — P(F)) < 0.

Thus,

P(chc) > ]P)(WFCF) .

Answer for Part 1: The sequence Coach-Father-Coach is preferable.

Part 2: Including Additional Outcomes

Let W' be the event of obtaining a prize when additional outcomes are considered.



Sequence 1: Modified Father-Coach-Father (W} p)
For the Father-Coach-Father sequence, we now have:
P(Whep) = IP(WFCF U(Apn BN Cf)>
— 2P(F)P(C) + P(F)? (1 - 21@(0))

~ 71.25%.

Sequence 2: Modified Coach-Father-Coach (W/ ;)
Similarly, for the Coach-Father-Coach sequence, we have:
P(Wepe) = P(WCFC U(A.nB§N (J))
— 2P(C) P(F) + P(C)? (1 - 21@(5’))
~ 52%.

Since
IP(W}CF) ~ 71.25% > 52% ~ IP(W’CFC),

Answer for Part 2: The strategy should be changed to Father-Coach-Father.



