
Li Yifeng Homework #7 April 15, 2025

Question 3

Let X denote the number of heads when tossing two fair coins.

Part 1: Construct the probability distribution ofX. Compute the average and the standard deviation
of X.

Solution

By applying the principle of symmetry, easy to define the probability space as

Ω = {head, tail}
F = P(Ω)

P : P({(head, head)}) = P({(head, tail)}) = P({(tail, head)}) = P({(tail, tail)}) = 1

4

Then we have the pdf of X

pX(x) =



1

4
, x = 0

1

2
, x = 1

1

4
, x = 2

Then we have the average of X

µX = 0pX(0) + 1pX(1) + 2pX(2)

= 0 +
1

2
+

1

2
= 1

As well as the expectation of X2

E
[
X2
]
= 02pX(0) + 12pX(1) + 22pX(2)

= 0 +
1

2
+ 1

=
3

2

Then we have the standard deviation of X
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σX =
√

E [X2]− µX
2

=

√
1

2

≈ 0.707

Answer

pX(x) =


1

4
, x = 0

1

2
, x = 1

1

4
, x = 2

µX = 1

σX =

√
1

2
≈ 0.707

Part 2: Now suppose you toss a fair coin repeatedly until you get a tail. Let Y be the number of
heads obtained before the first tail. Construct the probability distribution of Y . Compute
the average and the standard deviation of Y and compare them with those of X.

Solution

Easy to notice that Y follows a geometric distribution with parameter 1
2
(by applying the

principle of symmetry), then we have the pdf of Y

pY (y) =

(
1

2

)y (
1

2

)
=

1

2y+1
, y ∈ {0, 1, . . . }

Then we have the average of Y

µY =
∞∑
y=0

y

2y+1

=
1

2

∞∑
y=0

y

(
1

2

)y

=
1

2

(
1
2(

1− 1
2

)2
)

= 1

As well as the expectation of Y 2
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E
[
Y 2
]
=

∞∑
y=0

y2

2y+1

=
1

2

∞∑
y=0

y2
(
1

2

)y

=
1

2

(
1
2

(
1
2
+ 1
)(

1− 1
2

)3
)

= 3

Then we have the standard deviation of Y

σY =
√

E [Y 2]− µY
2

=
√
2

≈ 1.414

Comparison as

µX = 1 = µY

σX =

√
1

2
≈ 0.707 < 1.414 ≈

√
2 = σY

Answer

pY (y) =
1

2y+1
, y ∈ {0, 1, . . . }

µY = 1

σY =
√
2 ≈ 1.414

µY = µX

σY > σX
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